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Abstract

A method to quantify the equivalent storage capacity inherent the operation of thermostatically controlled
loads (TCLs) is developed. Equivalent storage capacity is defined as the amount of power and electricity
consumption which can be deferred or anticipated in time with respect to the baseline consumption (i.e.
when no demand side event occurs) without violating temperature limits. The analysis is carried out for
4 common domestic TCLs: an electric space heating system, freezer, fridge, and electric water heater.
They are simulated by applying grey-box thermal models identified from measurements. They describe
the heat transfer of the considered TCLs as a function of the electric power consumption and environment
conditions. To represent typical TCLs operating conditions, Monte Carlo simulations are developed, where
models inputs and parameters are sampled from relevant statistical distributions. The analysis provides a
way to compare flexible demand against competitive storage technologies. It is intended as a tool for system
planners to assess the TCLs potential to support electrical grid operation. In the paper, a comparison of
the storage capacity per unit of capital investment cost is performed considering the selected TCLs and
two grid-connected battery storage systems (a 720 kVA/500 kWh lithium-ion unit and 15 kVA/120 kWh
Vanadium flow redox) is performed.
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Nomenclature and Abbreviations

∆t Model simulation sample time (s)

BESS Battery Energy Storage System

SOC State of charge

TCL Thermostatically controlled loads

θ Set of state-space model parameters

A Continuous time state-space system matrix

B Continuous time state-space input matrix

C Continuous time state-space output matrix

E↓ Decrease in electricity consumption with respect to the baseline that a TCL can sustain without
violation thermostat bounds (kWh)
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E↑ Increase in electricity consumption with respect to the baseline that a TCL can sustain without
violation thermostat bounds (kWh)

h Thermostatic control deadband (◦C)

i Discretized time index

P Nominal TCL power consumption (kW)

P ↓ Decrease in power consumption that a TCL can achieve (kW)

P ↑ Increase in power consumption that a TCL can achieve (kW)

Q Hot water demand (L s−1)

s Thermostat state

T (Air or water) TCL Temperature (◦C)

T ∗ Thermostatic set-point (◦C)

T o Outside air temperature (◦C)

T r Room air temperature (◦C)

Tw Inlet water temperature (◦C)

t↓i Time taken by the TCL to pass from Ti to T ∗ − h

t↑i Time taken by the TCL to pass from Ti to T ∗ + h

u Continuous time state-space input vector

x Continuous time state-space vector state

1. Introduction

Thermostatically controlled loads (TCLs), like electric space heating, air conditioning, water heating,
and refrigeration systems, are characterized by a certain level of flexibility in the consumption thanks to
their thermal mass, which allows anticipating or deferring their electricity demand without quick alterations
of the temperature to regulate. Although the contribution of a single TCL is negligible, the aggregated and
coordinated contribution from a large number of units might have relevant size and be able to impact power
system operation.

Achieving nondisruptive controllability (i.e., while respecting consumer comfort) of TCLs has often been
advocated in the existing technical literature as a way to provide ancillary services to the electrical grid and
tackle the challenge of restoring an adequate level of controllability after the displacement of conventional
generation in favor of production from renewables. E.g., in [1–3], TCLs are used to support primary frequency
regulation, for voltage regulations in local distribution systems [4], balancing power provision [5, 6], peak
shaving and self-consumption [7–11].

Despite the blooming of applications for flexible demand, the current literature does not address the
problem of defining specific metrics to quantify the intrinsic flexibility of TCLs. This aspect is of fundamental
importance for electric power systems planning because it allows designing response programs for TCLs and
quantifying the support they can provide to power system ancillary services. On the contrary for grid-
connected electrochemical storage devices (like batteries or fuel-cell/electrolyzer systems), the power and
energy capacity ratings allows for a straightforward interpretation of the inherent flexibility and enabled
the development of advanced planning strategies (see e.g. [12, 13]) as well as quantification of economic
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pay-back times ([14]). The development of similar metrics for the case of TCLs would allow extending
existing technical and economic evaluations to the case of flexible demand as well.

The purpose of this paper is presenting a methodology to quantify the equivalent storage capacity of
TLCs as if they were conventional grid-connected storage devices. In general, TCLs and conventional storage
devices, besides being based on different technologies, do not have equivalent capabilities: whereas the former
requires a baseline consumption to guarantee a minimal consumer comfort, the latter does not, and it can
even back-feed power if enough charge is available (an important characteristics if considering e.g. power
systems restoration procedures). Nevertheless, in certain operational contexts, such as implementation of
peak shaving strategies or provision of regulating power, their behavior is comparable: in the same way as
storage devices achieve to store electricity for later use, flexible demand can postpone the consumption, thus
indirectly achieving the same target, even if for a limited amount of time1. Therefore, the idea of quantifying
the capacity of flexible demand in terms of electricity they can store (equivalent storage capacity) arises
naturally in this context, as also considered in [16].

We contribute to the literature by proposing a methodology to evaluate the equivalent storage capacity of
common domestic TCLs. The proposed method is applied to evaluate the flexibility intrinsic the operation
of four common domestic TCLs (an electric space heating system, electric water heater, freezer and fridge)
thanks to thermal models identified from experimental measurements and Montecarlo simulations to repro-
duce realistic typical operating conditions. The proposed analysis is a valuable tool for system planners to
assess the potential of TCLs to support power system operation, allowing for a straightforward comparison
with competitive storage technologies, and understanding the amount of flexibility it is possible to harvest
from populations of TCLs in given portion of the networks.

The paper is organized as follows: Section 2 introduce the notation, Section 3 states the operational
definition of equivalent storage capacity of TCLs, distinguishing among the cases where TCLs are requested
to decrease or increase the consumption, Section 4 describes the modelling approach and Montecarlo simu-
lations, Section 5 is for results and discussion, and finally Section 6 states the conclusions.

2. Preliminaries and Notation

As known, a TCL is a device where the state of the active element (like resistors for radiators, or
compressors for heat-pump-based loads) can assume two values, on or off. The thermostat state s(t) at a
given time t is determined by a feedback control loop with hysteresis that enables or disables the power
consumption when the temperature to regulate falls outside an established dead-band. E.g., for a building
space heating TCL, the control law is:

s(t) =


on, T (t) ≤ T ∗ + h

off, T (t) > T ∗ − h

s(t− δt), otherwise
(1)

where T (t) is the building air temperature, T ∗ temperature set-point, h temperature hysteresis, and s(t− δt)
denotes the thermostat previous activation state. Figure 1 exemplifies the temperature dynamics of a TCL
and is to introduce the notation used in the following formulation. For convenience in the explanation, we
assume that Fig. 1 refers to a TCL for heating application (e.g., space heating), so that the temperature
raises when the heating element is active, and vice-versa. Two data points in Fig. 1 are of special interest
and are identified by the Cartesian coordinates (tx, Tx) and (tz, Tz):

• Fig. 1, coordinate (tx, Tx): the time that the temperature takes to reach the upper thermostatic bound
in the case the heater element is kept in the on state is denoted by t↑x. Conversely, t↓x is the time that
the temperature takes to reach the lower thermostatic bound if the heating element is switched off.
The latter temperature evolution is denoted by the blue dashed line.

1An additional concern related to the use of flexible demand is the loss of load diversity after a prolonged demand response
event, which causes oscillations of the aggregated power consumption, as e.g. shown in [15].
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• Fig. 1, coordinate (tz, Tz): the time that the temperature takes to reach the lower thermostatic bound
in the case the heater element is kept in off state is denoted by t↓z, whereas t↑z is the time that the
temperature takes to reach the upper thermostatic bound if the heating element is switched on. The
latter temperature trend is denoted by the red dotted line.

TCL normal temperature evolution
Cooling down phase at (tx, Tx)
Warming up phase at (tz , Tz)

Time

Temperature

Tmax

Tmin

t↑x t↓z
t↓x t↑z

(tx,Tx)

(tz ,Tz)

Figure 1: Temperature evolution of a TCL, where the notation used in the text is introduced.

3. Operative definition of equivalent storage capacity of a TCL

Two mainstream control approaches for TCLs and other flexible resources exist: direct and indirect
control (see [17] for a more comprehensive review). The former is when an aggregator directly controls the
state of the single TCLs (see e.g. [18, 19]), while the most prominent example of the latter case is when
TCLs autonomally responds to an open-loop price signal generated in an electricity markets ([20, 21]).

Nevertheless, when considering the operation of a single TCL from a high enough viewpoint, it is possible
to recognize two mutually exclusive fundamental cases: after a specific request from the flexible demand
operator, a TCL is required to increase, or, alternatively, decrease consumption. Consumption reduction is
typically implemented for peak-shaving to meet reduced levels of generation capacity and for lines congestion
management (as an alternative to grid reinforcement), whereas both consumption reductions and increases
are required to provide up and down-regulation to primary frequency control in cases when the system
frequency is below or above the nominal value.

The proposed procedure to evaluate the equivalent storage capacity of a TCL consists in evaluating
the consumption which is possible to shift with respect to the baseline2 without violating the thermostatic
temperature limits. The equivalent storage capacity can be computed analytically for the cases of up and
down-regulation, as shown in the next two sections.

It is worth noting that enforcing temperature limits is vital to maintaining consumer comfort. The case
of reducing the consumption persistently, or load curtailment, is not considered in this study because it falls
outside the concept of nondisruptive controllability of flexible demand.

3.1. Storage capacity for consumption decreasing (for up-regulating power provision)
Decreasing TCL consumption can be achieved by forcing the thermostat state to off. Clearly, this action

can be accomplished only if the TCL is in the “on” state. Formally, the power consumption reduction P ↓

that can be accomplished at a generic instant of time ti is:

P ↓
i =

{
P if TCL is active
0 otherwise

(2)

where P is the TCL nominal power consumption. With reference to Fig. 1, the first case in (2) is when
ti = tx, and the second when ti = tz. Assuming the case of ti = tx in Fig. 1, the amount of electricity
consumption E↓ that can be deferred by turning the consumption off without violating the temperature

2The baseline consumption is the TCL consumption in the case no demand response event occurs.
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lower value, is the algebraic product between the nominal power consumption of the TCL and the amount of
time t↓x that the temperature takes to pass from Tx to Tlow. However, it is to consider that, in the absence of
the demand response event, the TCL was going to switch off naturally at the end of the heating phase time
d · T , which has distance from tx denoted by t↑x. Therefore, the consumption deviation from the baseline
demand profile (namely, when no change in consumption is required) is:

E↓
i =

{
P ·min(t↓i , t

↑
i ) if TCL is active

0 otherwise,
(3)

where the operator min(·) denotes the minimum value among the two arguments.

3.2. Storage capacity for consumption increasing (provision of down-regulating power)
In contrast to the previous case and provided that the TCL is in the “off” state, an increase of TCL

consumption can be achieved by turning it on. Formally, the consumption increase P ↑ is:

P ↑
i =

{
0 if TCL is active
P otherwise.

(4)

By applying symmetric considerations to those developed for the previous case, the energy capacity available
for down-regulation is:

E↓
i =

{
0 if TCL is active
P ·min(t↑i , t

↓
i ) otherwise

(5)

4. Methods

The focus in this work is quantifying the equivalent storage capacity inherent the operation of selected
TCLs. This is performed by, first, simulating the temperature evolutions of the TCLs by using dynamic
thermal models, which are introduced in subsection 4.1. Simulations are performed by adopting a Monte
Carlo approach with the objective of reproducing scenarios representative of the typical operating conditions
of TCLs, as explained in subsection 4.2. Finally, as described in 4.3, once the temperature profiles are known,
the equivalent storage capacity of each TCLs is evaluated by applying the definition previously provided in
Section 3.

The TCLs considered in this analysis are an electric space heating unit, electric water heater, freezer
and fridge. They were selected because, besides being the most common flexible appliances in a household
context, are those available in Power Flexhouse3 and for which it was possible to identify and validate
dynamic thermal models from experimental measurements. The main characteristics of the experimental
units used for the model identification are summarized in Table 1.

4.1. Thermal Models of TCLs
4.1.1. Introduction to grey-box models

According to the taxonomy described in [23], models for thermal electric loads can be grouped into three
categories: white, grey, and black-box. Respectively, these are according to if the model is built by applying
physical first principles, it relies on simplified physical description of the process with parameters estimated
from measurements, or it is entirely identified from measurements, with no hypothesis on the structure
of the process generating them. While the former solution is effective and delivers accurate temperature
estimations, it comes at the cost of a high complexity and it requires the values of a large number of
parameters. On the other hand, black-box models deliver quality predictions only around the training point

3Power Flexhouse is the experimental facility of DTU Elektro for testing demand side control strategies, see [22].
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Table 1: Characteristics of the considered TCLs

TCL Volume

Nominal
power

consumption
P [kW]

Space heating 125m2 × 2.8m 10

Water heating 30 L 1.2

Freezer 333 L 0.06

Fridge 60 L 0.08

and need frequent re-training. Grey-box models trade a detailed representation of the physical process to
model for an increased tractability level and are often adopted in application to predictions and control,
see e.g. [24–26]. Especially, they have the advantage of having parameters identifiable from experimental
measurements. Therefore they can be applied even in the absence of the complete knowledge of the system.

The dynamic thermal models used in this study are grey-box identified from experimental measurements,
and they are from the existing technical literature [10, 24, 27, 28]. For the sake of clarity, their formulation,
identification process, and structure are summarized in paragraphs 4.1.2, 4.1.3 and 4.1.4-4.1.7, respectively.
For a thoughtful description of the identification and validation processes, the interested reader is referred
to the referenced literature.

It is worth noting that the models considered in this study were originally developed for the purpose
of providing early time temperature predictions (typically from minutes to a few hours, depending on the
TCLs) rather than for simulations. However, their use for simulation is justified in this context because
the time range of their flexibility (namely, the duration for which they can defer or anticipate consumption
without violating consumer comfort) is of the same order of magnitude.

4.1.2. General formulation of the models
Models are developed by applying the the thermal equivalent circuit approach, which considers the

temperature and heat of a thermal system as the voltage and current of an electric circuit. They are of
the third order (unless the water heater, for which a first order model is used, as justified in the following).
Compared to lower order, higher order models are able to capture more accurately the thermal dynamics
induced by the different thermal masses of the TCLs. Models are formulated and using the continuous time
state-space representation, which in the linear case is4:

ẋ(t) = A(θ)x(t) +B(θ)u(t) (6)
T (t) = C(θ)x(t) (7)

where x ∈ Rn is the state vector composed of the temperature of the relevant thermal masses, n the order
of the system, u ∈ Rp input vector, p the number of inputs, A the n× n system matrix, B the n× p input
matrix, θ ∈ Rm a vector of m model parameters, and T (t) the TCL temperature in ◦C.

4.1.3. Model identification
As comprehensively described in [24, 27, 28], the adopted identification process consists in these steps:

• Experiments design: a series of dedicated off-line experiments are performed, where the TCL is con-
trolled with a pseudo random binary signal (PRBS), a two levels on/off wave where duty cycles are
of random durations. This has the objective of exciting a wide range of system dynamics. The mea-
surement set is normally divided into a training and validation data set, the former used to fit model
parameters and perform preliminary validation tests, and the latter for advanced validation.

4The feedforward matrix D is omitted.
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• Model formulation: the mathematical formulation of the candidate model is developed. In this case,
we adopt the thermal equivalent circuit formulation, as described in the previous paragraph.

• Parameters estimation: the parameters of the candidate model are estimated by maximizing the
likelihood function of the one-step-ahead predictions through the software library CTSM [29, 30].

• Model validation: it mainly consists in evaluating if the candidate model can capture all the time
dynamics contained in the training data set. This is performed by evaluating residual autocorrelation
in time of the model one-step-ahead prediction errors. In the ideal case, this should not exhibit any
predictable structure and behave as an independent and identically distributed (i.i.d.) random noise.

• Model extension: if the prediction errors are correlated in time, an alternative model should be for-
mulated by, e.g., increasing the order of the candidate model or adopting an alternative mathematical
description of the process. The extended candidate model should be estimated and validated by reit-
erating the procedures at the previous two points. The model extension can be cross-validated against
the older candidate model by applying, e.g., the deviance test, to avoid model overfitting due to the
increased number of parameters.

4.1.4. Electric space heating
We consider the third order linear thermal model developed in [27] for Power Flexhouse, an eight-room

free standing office building where heat is provided by ten electric radiators, for a total nominal power of
10 kW. The temperature dynamics are described as a function of the radiators heating power, outside air
temperature and solar radiation, and by using the approximation that the interior of the building is one
room. We present the model formulation by referring to the state-space representation introduced in (6)-(7).
The 3× 1 input real vector at time t is:

u(t) =
[
s(t) · P T o(t) φ(t)

]T (8)

where s(t) is the thermostat state as in Eq. (1), P is the total radiators heating power (kW), T o the outside
air temperature (◦C), φ the global horizontal irradiance (GHI, Wm−2). The system matrices are:

A =

 −1
CiRia

+ −1
CiRim

+ −1
CiRih

1
CiRim

1
CiRih

1
CmRim

−1
CmRim

0

1
ChRih

0
−1

ChRih


B =

 0
1

CiRia

Aw
Ci

0 0 0
1
Ch 0 0

 (9)

C =
[
1 0 0

]
where Ci, Cm, Ch are model parameters that describe the thermal capacities associated to the thermal masses
of the building (building envelope, air content and radiators), Ria, Rim, Rih are the associated thermal
resistance and Aw is the window area. Models are estimated from measurements of the total radiators
electric power, indoor temperature, outdoor temperature and GHI, and their values are given in Table A.4.

4.1.5. Freezer
The model has been originally proposed in [24] and estimated from experimental temperature/power

measurements of a 333 liters class A+ domestic freezer. Heat dynamics are described as a function of the
power consumption, coefficient of performance (COP), and room temperature. The model input vector is:

u(t) =
[
s(t) · P T r(t)

]T (10)

7



where s(t) is the thermostat state, P is the freezer nominal power (W), and T r(t) is the temperature of the
room where the freezer is located. The system matrices are:

A =

 −1
CeRe

1
CeRe

0

1
CaRe

−1
CaRa

+ −1
CaRe

1
CaRa

0
1

CwRa

−1
CwRw

+ −1
CwRa

 (11)

B =

 0 −η · COP(T r(t),x1(t))
Ce

0 0
1

CwRw
0

 (12)

C =
[
0 1 0

]
, (13)

where Ce, Ca, Cw are the thermal capacities of the freezer evaporator, air content, and freezer envelope, while
Re, Ra, Rw are the associated thermal masses. The term η is the fridge efficiency with respect to the ideal
COP, which is modeled as the reversed Carnot cycle operating between the room and freezer evaporator
temperatures (that is the first element of the state vector, denoted by x1(t)). Formally, the COP in (12) is:

COP (T r(t), x1(t)) =
x1(t) + 273

T r(t)− x1(t)
(14)

The freezer model is nonlinear since the value of the state appears as a multiplicative factor of the in-
put signal. The model parameters, estimated from measurements as described in [24], are summarized in
Table A.5.

4.1.6. Fridge
This model is from [28] and was identified and estimated from experimental measurements from a 50 liters

class A domestic fridge. The dynamic model is the same as for the freezer in the previous section, unless
for the input matrix B, which in this case is:

B =

 0 −COP
0 0
1

CwRw
0

 (15)

where COP is a coefficient to estimate. In this case the model is linear: the reason for neglecting the nonlinear
COP formulation is because fridges normally operates in a smaller temperature range than freezers, thus
the nonlinearities in (14) play a minor role. Estimated model parameters are reported in Table A.6.

4.1.7. Electric water heater
The model refers to a 1.3 kW single element electric water heater. It is the first order model originally

proposed in [10] and describes the global energy content in the water as function of the electricity consump-
tion, water usage and thermal losses towards the exterior. A similar model was found in [31]. The model
does not account for the thermal stratification of the water inside the tank, as attempted e.g. in [32]. The
model inputs are:

u(t) =
[
s(t) · P T r(t) q(t)

]T (16)

where s(t) is the thermostat state, P is the heater nominal power, T r is the temperature of the room where
the heater is located, and q is the water consumption (L s−1). The system matrices are:

A = − 1

ReCw
(17)

B =
[

1
Cw

1
ReCw

Cp

Cw
(Tw(t)− T (t))

]
(18)
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where Tinlet is the temperature of the inlet water, and Cw and Re are model parameters. The former denotes
the lumped thermal capacity of the water heater: it is approximated by the thermal capacity asssociated to
the water content, namely 4.2 kJ kg−1 K−1 per 30 kg of water mass, disregarding the the tank structure and
envelope (which should account for a smaller share, ≈0.8 kJ kg−1 K−1 assuming 3 kg of polyurethane foam
as the insulation layer [33]). The thermal resistance Re is estimated from experimental measurements by
minimizing the sum of the squared prediction errors of the model. The value of Re and Cw are summarized
in Table A.7. We note that the model is nonlinear since the value of the temperature appears as an input
in the matrix B.

4.2. Sampling of model inputs and parameters for Monte Carlo simulations
In order to determine the equivalent storage potential of the selected TCLs under different typical

operating conditions, Monte Carlo simulations are performed where the noncontrollable models inputs and
controller parameters are randomly sampled from relevant scenarios. The way the inputs and parameters
are generated are explained in the following for each considered TCL.

4.2.1. Space heating inputs and parameters
The noncontrollable inputs of the electric space heating model are outdoor air temperature T o

ti and global
horizontal irradiance (GHI) φti . Both quantities are characterized by diurnal and seasonal variations, which
need to be considered in the Monte Carlo simulations because they have a strong influence on the heat
demand, and thus on the equivalent storage capacity inherent space heating operation. They are as:

• to capture diurnal variations, daily scenarios are daily time series measurements of GHI and outdoor
air temperature from a local weather station (Risoe DTU, Roskilde, Denmark);

• seasonal variability is considered by taking into account two distinct cases thanks to using two groups of
measurements recorded in different periods of the year, from 15 to 30 September 2013 (early autumn),
and from from 15 to 30 December 2013 (early winter).

Outdoor air temperature and GHI daily scenarios of the autumn case are exemplified in Fig. 2. Statistics
and measurements periods of both winter and autumn cases are summarized in Table 2. As far as the
parameters of the space heating thermostatic controller are concerned, they are normally according to
consumer preferences. In this case, they are assumed randomly distributed according to the distributions
specified in Table C.8.
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Figure 2: Daily scenarios of outdoor air temperature and GHI for the autumn case.
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Table 2: Average values of outdoor air temperature and GHI over all possible daily scenarios.

Case Period
Average

Temperature
(◦C)

Average
GHI

(kWm−2)

Autumn 15 to 30
Sep 2013 11.1 104.4

Winter 15 to 30
Dec 2013 2.0 30.1

4.2.2. Freezer and fridge inputs and parameters
The only non-controllable input of the freezer and fridge models is the room temperature T r. It is

assumed time invariant since refrigeration units normally operates in temperature-controlled environment
and is sample from a normal distribution N (µ, σ2), with mean µ and standard deviation σ2 as given in
tables C.9 and C.10. The tables also show the value of the controller free parameters T ∗ and hysteresis h.
They are chosen according to food storage recommendations [34].

4.2.3. Electric water heater inputs and parameters
The inputs of the water heater thermal model are the room temperature and water consumption profile.

The former is chosen as done for the refrigeration units, while the latter is as in Table C.11, where qti is the
water consumption profile proposed in [35] and scaled to account to hot water demand of four people. It is
exemplified in 3.
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Figure 3: Stochastic hot water consumption daily profile at 1 minute resolution.

4.3. Evaluation of the equivalent storage capacity
For each considered TCL, Monte Carlo simulations are performed according to the procedure exemplified

in Fig. 4 and described hereafter.
Fist, K input scenarios are generated off-line for each TCL (for space heating, the autumn and winter

cases are analyzed in a separated fashion). Each scenario is composed of the relevant model input time series
and parameters, randomly selected as described in the previous paragraph. Therefore, for each scenario
k = 1, . . . ,K (K is the scenarios number and is given in Table 3), the TCL baseline temperature evolution
as a function of the input scenario is computed for the time interval t1, . . . , tN (N , given in Table 3, is the
number of simulation steps) by applying the models described in the previous section (discretized as shown
in Appendix Appendix B) and while enforcing the thermostatic control law (1) at each time step. At this
point, the operative definition of equivalent storage capacity given in Section 3 is applied:

• a random index i is sampled from an uniform distribution in the range [1, N ];

• the state of the TCL at time ti is inverted (if off is forced to on, and viceversa) and a new perturbed
temperature profile in the interval ti, . . . , tN is determined;
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• the values t↑i and t↓i are extracted from the baseline and perturbed temperature evolutions by applying
their (verbose) definition given in Section 2;

• the power and energy capacity available to increase or reduce consumption P ↑
i |k,E

↑
i |k, P

↓
i |k,E

↓
i |k are

determined by applying their respective definitions in (2)-(5), where the notation “|k” stands for “given
scenario k”.

The procedure described in the previous 4 points is iterated for I (given in Table 3) times for as many
random realizations of i.

Finally, the expected values of the TCL equivalent storage capacity for up and down-regulation for the
input scenario k is obtained by averaging over i:

P ↓|k =
1

I

I∑
i=1

P ↓
i |k (19)

E↓|k =
1

I

I∑
i=1

P ↓
i |k (20)

P ↑|k =
1

I

I∑
i=1

P ↑
i |k (21)

E↑|k =
1

I

I∑
i=1

E↑
i |k (22)

Generate a ran-
dom input scenario k

Simulate the TCL temper-
ature evolution T1, . . . , TN

for the time range t1 to tN

Sample i from an uniform dis-
tribution in the range [1, N ]

At time ti, switch the TCL
to off if on, or vice-versa

Simulate the TCL temper-
ature evolution Ti, . . . , TN

for the time range ti to tN

Compute t↑i , t
↓
i accord-

ing to their (verbose)
definition of Section 2

Determine
P↑

i |s, E↑
i |s, P

↓
i |s, E↓

i |s
with equations (2)-(5)

Repeat
I times

Determine P↑|k,E↑|k, P↓|k,E↓|k
by averaging the respective re-

alizations for i = 1, . . . , I

Repeat
s times

Figure 4: The procedure adopted to perform the Monte Carlo simulations and assess the equivalent storage capacity of the
considered TCLs.
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Table 3: Parameters for the Monte Carlo simulations.

Description Unit Value

∆t
Simulation

Sample time s

300 (space heating)
10 (freezer)
10 (fridge)
60 (water heater)

tN
Simulation

length hours

48 (space heating)
12 (freezer)
12 (fridge)
24 (water heater)

K
Input

scenarios
number

– 1000

I
Number of

attempt – 1000

5. Results and Discussion

5.1. Montecarlo Simulation Results
Figures 5, 7, 8 and 6 show the distributions of the equivalent storage capacities (P ↓, E↓) and (P ↑, E↑)

for up and down-regulation, respectively, for each of the considered TCLs.
Recalling from the previous section and for the sake of clarity the couple

(
P ↓, E↓) denotes the power and

electricity consumption that can be harvested from a given TCL for up-regulation (decrease in consumption),
and vice-versa for (P ↑, E↑).

Equivalent storage capacities in figures 5-6 are shown in the form of histograms because they are calcu-
lated as a function of random input scenario: the outcomes are thus histograms showiwng the distributions
of the equivalent storage capacity due to different operating conditions.
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(a) Winter case.
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(b) Autumn case.

Figure 5: Space heating system: equivalent power and electricity storage capacity.

It can be noted from Fig. 5, which shows the results for the considered space heating system for the
winter and autumn cases, that equivalent storage capacities available for up and down-regulation are dif-
ferent. This is because the ability of anticipating or deferring consumption depends on the TCL operating
conditions. E.g., when considering space heating operation during a milder autumn day, the TCL duty
cycle is characterized by a short warming up period and a very stretched cooling down phase due to reduced
thermal losses towards the environment. In this case, the probability of the heating system being in the on
state is low because the radiators are switched off for most of the time, thus resulting in lower values of P ↓

than P ↑. This is also reflected on the value of the energy capacity, the activation of which depends on the
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Figure 6: Electric water heater: equivalent power and electricity storage capacity for up and down regulation.

original state of the heating system. On the contrary, when considering a winter day, the power P ↓ and
energy capacities E↓ are larger than the previous case because the probability of the space heating system
being on are higher.
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Figure 7: Freezer: equivalent power and electricity storage capacity for up and down regulation.
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Figure 8: Fridge: equivalent power and electricity storage capacity for up and down regulation.

When considering the results for the freezer, fridge and water heater (figures 7-6), it can be observed
that the respective equivalent storage capacities are considerably smaller than for the space heating. A
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more thoughtful comparison between the equivalent storage capacities of the considered TCLs is the focus
of the next paragraph, 5.2. Moreover, it can be noted the capacities of providing up and down-regulation
are considerably asymmetric, with a larger capacity for the latter case.

5.2. Comparison with benchmark devices
In this section, the TCL equivalent storage capacities of the considered TCLs is compared against each

other, and also against two benchmark storage devices, which correspond to two experimental grid-connected
battery energy storage systems (BESSs). They are:

• 720 kVA/500 kWh lithium-ion BESS available at EPFL Distributed Electrical System Laboratory (see
[36] for more details);

• 15 kVA/120 kWh Vanadium flow redox BESS available at DTU Elektro ([37]).

In this analysis, the equivalent storage capacity of each TCL (space heating autumn case, space heating
winter case, freezer, fridge, water heater) for up and down-regulation is considered in terms of its expected
value, which is calculated by considering the (empirical) probability density functions corresponding to the
hystograms in figures 5-6. In order to be consistent with the adopted “expected equivalent storage capacity”
representation, BESSs are considered at 50% state-of-charge (SOC).

Fig. 9 compares the expected equivalent storage capacities of the considered devices. In order to further
clarify the meaning of Fig. 9, each data point consists in couple of power and energy values, each calculated as
the expected value of the respective histogram in figures 5-6. Each data point represents the storage capacity
that one might expect from the respective device when it is activated to provide up or down-regulation. It is
worth noting that equivalent storage capacity of TLCs is still strongly influenced by environment conditions
(like weather patterns, as captured in the proposed Monte Carlo analysis): however, the main objective of
this analysis is provide expected value to be used as a rule-of-thumb indicators to describe flexibility.

The representation in Fig. 9 and following figures is inspired from the Ragone plot, which, in its original
form, it is used to compare power and energy densities of electrochemical storage technologies.
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(a) For up-regulation (consumption decreasing).
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Figure 9: Power and energy capacities per device.

As visible from Fig. 9, the equivalent storage capacity of space heating is approximately two order of
magnitude less than the largest considered battery system, meaning that the aggregation of several tens of
units would lead to have a comparable level of storage capacity as utility-scale BESSs. However, it is to
consider that the storage capacity of space heating has seasonal trends, while it is not for electrochemical
storage.

As far as the freezer, fridge and water heaters are concerned, it can be seen from Fig. 9 that they can
provide a little amount of flexibility. Although these TCLs are numerous in existing distribution networks,
their use as a flexible resource is arguable when considering that harvesting their flexibility requires an
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extended monitoring and control infrastructure and efficient aggregation algorithms. An elementary cost-
benefit analysis to evaluate whether a demand response scheme is economically convenient compared to the
deployment of utility-scale BESSs is proposed later in this paper, in paragraph 5.2.2.

5.2.1. Equivalent storage capacity per unit of occupied volume
Figure 10 shows the storage capacity per unit of volume of the considered devices. For each unit, it the

ratio between the respective storage capacity and occupied volume. For the TCLs, we consider the sizes
reported in Table 1, while, for the BESSs, we consider the real occupancy of the system (approximately
80m2 for the , and 6500L× 2 for the reactants tanks plus 40m2 for the auxiliaries). As visible, the BESSs
have larger specific capacities than flexible demand, therefore able to achieve larger storage capacities than
for the same occupancy.
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Figure 10: Power and energy capacities per unit of occupied volume.

5.2.2. Equivalent storage capacity per unit of capital investment cost
Figure 11 compares the equivalent storage capacities per unit of capital investment cost. The cost

considered for BESS technologies is 800 and 500 EUR per kWh, for lithium-ion and vanadium redox,
respectively. The capital investment cost for TCLs is given by implementing mechanisms for local monitoring
and control of the thermostat, and it is assumed 100 EUR. The cost only includes local hardware, and not
devices which might be necessary to implement aggregation at higher levels. As visible from Figure 11, the
space heating system outperforms BESSs technologies, the water heater has comparable storage capacity
per cost as BESSs, while the freezer and fridge appear to be not convenient compared to the others.

As a final consideration, it is worth to remark that storage capacity, although being a fundamental metric
to quantify the flexibility inherent the operation of a given storage device or demand side resource, is not the
only distinguishing factor to consider when planning storage. An important factor is the ability of BESSs
to inject power into the grid, a relevant feature when considering power system restoration procedures.
Also, flexible demand is subject to a baseline consumption to maintain a minimum consumers comfort
level, whereas batteries system can postpone the charging demand to any time in the future. Finally, the
requirements of the control framework are substantially different among the two considered cases. While in
the case of utility-scale BESS, the control action is normally accomplished by sending a control signal to a
single industrial-grade component, the case of flexible demand requires the simultaneous control of a large
number of inherently stochastic units, and the tracking performance might be considerably different.

6. Conclusions

The definition of “equivalent storage capacity” for thermostatically controlled loads (TCLs) was given. It
is defined as the amount of power and electricity consumption which can be deferred or anticipated in time
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Figure 11: Power and energy capacities per unit of cost.

with respect to the baseline consumption (namely, when no demand side event occurs) without violating
temperature thermostatic bounds.

An analytical formulation to determine the equivalent storage capacity was proposed and applied in
Monte Carlo simulations to quantify the flexibility of selected thermostatic controlled loads: an electric
radiators-based space heating system for a 125m2 free standing office building, 33 liters water heater,
333 liters freezer and 60 liters fridge. They were simulated by using dynamic grey-box thermal models
identified from experimental measurements. Monte Carlo simulations were performed by sampling model
inputs from relevant scenarios representative of typical TCLs operating conditions. This is of importance
because flexibility normally depends on external conditions, such as – for space heating – solar irradiance and
outdoor air temperature. Equivalent storage capacity analyses were performed considering up (i.e. capability
of decreasing consumption) and down-regulation (vice-versa) in a separate fashion. Indeed, they can differ
because unequal durations of the TCLs warming up/cooling down phases, which determine asymmetric
probabilities of a TCL being on or off, thus impacting the support they can provide to one or the other
service.

Based on the considered scenarios and models, simulation results show that the resource with highest
average equivalent storage capacity is the electric space heating system, although it shows a significant
seasonal variability. Seasonality is indeed an important element which should be certainly accounted for
when planning the provision of power system ancillary services from flexible demand. The second TCL for
largest equivalent storage capacity is the water heater, although remarkably asymmetric for up and down
regulation. Finally, freezer and fridges ranked as last.

Based on these results, two performance comparisons with two grid-connected battery energy storage
systems (BESSs), notably a 720 kVA/500 kWh Lithium ion and 15 kVA/120 kWh Vanadium flow redox
battery, were performed. The first comparison concerned the evaluation of the equivalent storage capacity
per unit of occupied volume, which shows that the considered BESSs are the units with largest energy and
power densities.

The second comparison concerned the assessment of the economic cost per unit of storage capacity.
The cost considered for the BESSs was the capital investment of the whole grid-connected battery system
(800 EUR for lithium-ion and 500 EUR for Vanadium flow redox), while for TCLs the investment necessary
to make the unit controllable (in fact, TCLs are already available in the consumption mix and only need an
upgrade to enable the control). Assuming a TCL upgrade cost of 100 EUR, it was seen that the considered
space heating system is the most cost-competitive storage solution, the water heater and electrochemical
storage scored similar results, and freezer and fridge were the less competitive.

In general, it is to note that the proposed results are valid for the considered devices and simulation
conditions. Nevertheless, the proposed method can be applied to estimate the flexibility of TCLs with dif-
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ferent characteristics. Moreover, proposed results give reasonable approximations of the order of magnitude
of the equivalent storage capacity of domestic TCLs and provide useful rule-of-thumb indicators to system
planners to decide on the proper storage technology to use or on the optimal storage mix as a function of
the ancillary service to provide.

Appendix A. TCLs Parameters

Tables A.4, A.5, A.6 and A.7 show the parameters adopted for the Monte Carlo simulations.

Table A.4: Space heating model parameters.

Parameter Unit Value
Ci JK−1 9.58× 103

Cm JK−1 1.11× 104

Ch JK−1 1.38× 101

Ria KW−1 4.82

Rih KW−1 3.33× 101

Rim KW−1 3.45

Aw m2 5.12

Table A.5: Freezer model parameters.

Parameter Unit Value
Ca JK−1 1.25× 104

Ce JK−1 1.22× 103

Cw JK−1 8.30× 103

Ra KW−1 1.61× 10−1

Re KW−1 1.47× 10−1

Rw KW−1 6.32× 10−1

η – 5.67× 10−1

Table A.6: Fridge model parameters.

Parameter Unit Value
Ca JK−1 4.42× 103

Ce JK−1 1.92× 101

Cw JK−1 1.07× 104

Ra KW−1 3.74

Re KW−1 2.24

Rw KW−1 0.20

COP 5.67× 10−1

Table A.7: Electric water heater model parameters.

Parameter Unit Value
Cw JK−1 1.257× 105

Re KW−1 1.2

17



Appendix B. Models Discretization

Continuous time dynamic models in the form (6)-(7) are discretized by applying finite forward difference.
In the case of linear models and referring to notation introduced (6)-(7), it is:

xi+1 = Adxi +Bdui (B.1)
Ti = Cxi, (B.2)

where Ad = (A∆t + In), Bd = B∆t, ∆t is the discretization interval and In denotes the n × n identity
matrix. For the nonlinear models (freezer and water heater), the value of Bd is also updated according to
the value of the state vector at time ti. E.g., in the case of the water heater, Bd is:

Bd =
[

1
Cw

1
ReCw

Cp

Cw

(
Tw
ti − Tti

)]
∆t. (B.3)

Also, the thermostatic control law in Eq. (1) is discretized as:

s(i) =


on, T (i) ≤ T ∗ + h

off, T (i) > T ∗ − h

s(i− 1), otherwise
(B.4)

Appendix C. Random scenarios for Monte Carlo simulations

Tables C.8, C.9, C.10 and C.11 show the parameters adopted for the Monte Carlo simulations.

Table C.8: Space heating parameters.

Symbol Description Unit Value

T ∗ Thermostatic
set-point

◦C N (21, 0.52)

h
Thermostatic

hysteresis
◦C 1.5

Table C.9: Freezer model inputs and parameters.

Symbol Description Unit Value

T r Room
temperature

◦C N (21, 0.52)

T ∗ Thermostatic
set-point

◦C N (−20, 0.52)

h
Thermostatic

hysteresis
◦C 0.5

Table C.10: Fridge model inputs and parameters.

Symbol Description Unit Value

T r Room
temperature

◦C N (21, 0.52)

T ∗ Thermostatic
set-point

◦C N (4, 0.5)

h
Thermostatic

hysteresis
◦C 0.5
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Table C.11: Electric water heater model inputs and parameters.

Symbol Description Unit Value

T r Room
temperature

◦C N (21, 0.52)

Qi
Hot water
demand L s−1

from [35]
(scaled for
2 people)

Tw Inlet water
temperature

◦C N (21, 0.52)

T ∗ Thermostatic
set-point

◦C N (4, 0.5)

h
Thermostatic

hysteresis
◦C 0.5
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